Several Results Concerning Convex Subcategories by Zito, Stephen
ar
X
iv
:2
00
6.
15
72
9v
1 
 [m
ath
.R
T]
  2
8 J
un
 20
20
Several Results Concerning Convex
Subcategories
Stephen Zito∗
June 30, 2020
Abstract
We apply the notion of a full convex subcategory to a wide range of algebras
including tilted, quasi-tilted, shod, weakly shod, left and right glued, laura, simply
connected, strongly simply connected, left supported, and cluster-tilted. In partic-
ular, given an algebra Λ from one of the aforementioned classes, we investigate
certain factor algebras Λ/I where I is an ideal generated by a suitable idempotent.
1 Introduction
Given an algebraΛ and an ideal I inΛ, we can ask what properties ofΛ are inherited by
the factor algebra Λ/I. In general, this is a difficult problem. However, if we consider
ideals generated by idempotents, that is, I =< e > for some idempotent e ∈ Λ, we can
impose certain conditions and deduce useful information. Consider an algebra of the
form Λ = KQ/I where K is an algebraically closed field, Q is a finite quiver, KQ the
path algebra, and I an ideal. Let C be a full convex subquiver of Q, that is, if p is a
path from a vertex in C to a vertex in C, then each arrow and vertex of p is in C. Let eC
be the idempotent associated to the sum of the vertices in C and e′
C
be the idempotent
associated to the sum of the vertices not in C. We wish to examine Λ/ < e′
C
>.
We start by considering several classes of algebras that have been extensively stud-
ied in the representation theory of finite dimensional algebras, namely the tilted alge-
bras [15], quasi-tilted algebras [16], the shod algebras [11, 17], the weakly shod alge-
bras [12], the left and right glued algebras [3], and finally, the laura algebras [4, 18].
Our first main result says, if Λ belongs to one of these classes, so does Λ/ < e′
C
>.
Theorem 1.1. [Theorem 3.2] Let Λ = KQ/I and C a full convex subquiver of Q. Let
eC be the idempotent associated to the sum of the vertices in C and e
′
C
be the idempotent
associated to the sum of the vertices not in C.
(a) If Λ is laura, so is Λ/ < e′
C
>.
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(b) If Λ is left (or right) glued, so is Λ/ < e′
C
>.
(c) If Λ is weakly shod, so is Λ/ < e′
C
>.
(d) If Λ is shod, so is Λ/ < e′
C
>.
(e) If Λ is quasi-tilted, so is Λ/ < e′
C
>.
(f) If Λ is tilted, so is Λ/ < e′
C
>.
For our second main result, we consider simply connected and strongly simply
connected algebras [7, 19].
Theorem 1.2. [Theorem 3.5] Let Λ = KQ/I and C a full convex subquiver of Q. Let
eC be the idempotent associated to the sum of the vertices in C and e
′
C
be the idempotent
associated to the sum of the vertices not in C. If Λ is strongly simply connected, then
Λ/ < e′
C
> is simply connected.
We have the following corollary when Λ is representation-finite.
Corollary 1.3. [Corollary 3.6] Let Λ = KQ/I be representation finite and C a full
convex subquiver of Q. Let eC be the idempotent associated to the sum of the vertices
in C and e′
C
be the idempotent associated to the sum of the vertices not in C.
(a) If Λ is strongly simply connected, then Λ/ < e′
C
> is strongly simply connected.
(b) If Λ is simply connected, then Λ/ < e′
C
> is strongly simply connected.
Our third main result deals with the left support and left supported algebras [6].
Theorem 1.4. [Theorem 3.8] Let Λ = KQ/I be an algebra and Λλ the left support.
Let e′ be the direct sum of the idempotents not in Λλ.
(a) Λ/ < e′ > is a direct product of quasi-tilted algebras.
(b) If Λ is left supported, then Λ/ < e′ > is a direct product of tilted algebras.
When Λ is a cluster-tilted algebra [9], we can be more precise.
Corollary 1.5. [Corollary 3.9]
Let Λ = KQ/I be a cluster-tilted algebra and Λλ the left support. Let e
′ be the di-
rect sum of the idempotents not in Λλ. Then Λ/ < e
′ > is a direct product of hereditary
algebras.
Let Λ be cluster-tilted with e ∈ Λ an idempotent. Then the full subcategory eΛe is
not necessarily cluster-tilted. However, this is the case when eΛe is convex.
Proposition 1.6. [Proposition 3.12]
Let Λ = KQ/I be a cluster-tilted algebra with C a full convex subquiver of Q.
Let eC be the idempotent associated to the sum of the vertices in C. Then eCΛeC is
cluster-tilted.
2 Notation And Preliminaries
We set the notation for the remainder of this paper. All algebras are assumed to be
finite dimensional over an algebraically closed field K. If Λ is a K-algebra then de-
note by modΛ the category of finitely generated rightΛ-modules and by indΛ a set of
representatives of each isomorphism class of indecomposable right Λ-modules. Given
M ∈ modΛ, the projective dimension of M is denoted pd
Λ
M and the injective dimen-
sion by idΛ M. We let gl.dimΛ stand for the global dimension of an algebra Λ
Let Λ = KQ/I where K is an algebraically closed field, Q is a finite quiver, KQ
the path algebra, and I an ideal. We say a subquiver C is full if for any two vertices
v and w of C, all the arrows in Q with origin v and terminus w are also arrows in C.
We say a full subquiver C of Q is convex if for any two vertices v,w in C and for
any path p from v to w, every vertex occurring in p is in C. If C is a full subquiver
of Q, let eC be the idempotent associated to the sum of the vertices in C and e
′
C
be
the idempotent associated to the sum of the vertices not in C. Then eC and e
′
C
are
orthogonal idempotents in KQ and 1 = eC + e
′
C
. We abuse notation and view eC and
e′
C
as idempotents in both KQ and Λ. In general, Λ/ < e′
C
> and eCΛeC are not
isomorphic. When C is convex, we do in fact have an isomorphism.
Proposition 2.1. [13, Proposition 3.3(d)] C be a full subquiver of Q and Λ = KQ/I.
Let eC be the idempotent associated to the sum of the vertices in C and e
′
C
be the
idempotent associated to the sum of the vertices not in C. If C is convex, thenΛ/ < e′
C
>
is isomorphic to eCΛeC .
3 Main Results
3.1 Full Subcategories
Since its introduction by Happel and Ringel in the early eighties, [15], the class of
tilted algebras have been extensively studied in the representation theory of finite di-
mensional algebras. It was natural to consider generalizations of this notion. Thus,
over the years, the following classes of algebras were defined and studied: the quasi-
tilted algebras [16], the shod algebras [11, 17], the weakly shod algebras [12], the left
and right glued algebras [3], and the laura algebras [4, 18]. Let Λ belong to one of
the aforementioned classes. A nice feature of these classes of algebras is, given an
idempotent e ∈ Λ, then the endomorphism algebra eΛe also belongs to the same class.
Theorem 3.1. [14, 5] Let Λ be an algebra and e ∈ Λ an idempotent.
(a) If Λ is laura, so is eΛe.
(b) If Λ is left (or right) glued, so is eΛe.
(c) If Λ is weakly shod, so is eΛe.
(d) If Λ is shod, so is eΛe.
(e) If Λ is quasi-tilted, so is eΛe.
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(f) If Λ is tilted, so is eΛe.
We can combine Proposition 2.1 and Theorem 3.1 to obtain our first main result.
Theorem 3.2. Let Λ = KQ/I and C a full convex subquiver of Q. Let eC be the idem-
potent associated to the sum of the vertices in C and e′
C
be the idempotent associated
to the sum of the vertices not in C.
(a) If Λ is laura, so is Λ/ < e′
C
>.
(b) If Λ is left (or right) glued, so is Λ/ < e′
C
>.
(c) If Λ is weakly shod, so is Λ/ < e′
C
>.
(d) If Λ is shod, so is Λ/ < e′
C
>.
(e) If Λ is quasi-tilted, so is Λ/ < e′
C
>.
(f) If Λ is tilted, so is Λ/ < e′
C
>.
Proof. Consider eCΛeC . Theorem 3.1 guarantees eCΛeC will be the same class type as
Λ. Now consider Λ/ < e′
C
> and apply Proposition 2.1. 
Remark 3.3. Since eC corresponds to a convex sub quiverC ofQ, the global dimension
of eCΛeC does not exceed that of Λ. Let B = eCΛeC . It is well known that, in this case,
for any two B-modules X, Y, we have ExtiB(X, Y)  Ext
i
Λ
(X, Y) for all i. Hence, for any
simple B-module S , we have pdB S ≤ pdΛ S . This yields the statement. Combining
with Theorem 3.2, we have gl.dim(Λ) ≥ gl.dim(Λ/ < e′
C
>).
Remark 3.4. In general, Λ/ < e > is not guaranteed to be of the same class as Λ for
an arbitrary idempotent e ∈ Λ. The following example is taken from [10]. Consider
the path algebra of the following quiver
3
1 2 5
4
γ
α
β
δ ǫ
with relations αβ = βγ − δǫ = 0. This is a tilted algebra. Let e4 be the primitive
idempotent corresponding to vertex 4. Then Λ/ < e4 > is not tilted. Notice, e =
e1 + e2 + e3 + e5 is not convex.
3.2 Simply And Strongly Simply Connected Algebras
An algebra Λ is called simply connected provided its ordinary quiver Q has no ori-
ented cycles and, for any presentation of Λ as a bound quiver algebra, Λ  KQ/I, the
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fundamental group π1(Q, I) is trivial [7]. It is natural to ask if simply connected alge-
bras are closed under taking full, convex subcategories, thus allowing an application of
Proposition 2.1. This is not the case. Consider Λ = KQ/I, where Q is the quiver
3
1 2 5
4
γ
α
β
δ ǫ
with I generated by αβγ − αδǫ. Then π1(Q, I) = 0 for every presentation of Λ, so that
Λ is simply connected. However, the full convex subcategory e = e2 + e3 + e4 + e5 is
hereditary with fundamental group Z, thus not simply connected.
To apply Proposition 2.1, we turn to one particular subclass of simply connected
algebras. We say an algebra Λ is strongly simply connected if every full, convex sub-
category is simply connected [19]. Thus, the following result is immediate.
Theorem 3.5. Let Λ = KQ/I be a strongly simply connected algebra and C a full
convex subquiver of Q. Let eC be the idempotent associated to the sum of the vertices
in C and e′
C
be the idempotent associated to the sum of the vertices not in C. Then
Λ/ < e′
C
> is simply connected.
It is known that a representation-finite algebra Λ is simply connected if and only if
Λ is strongly simply connected [8]. This leads to the following corollary.
Corollary 3.6. Let Λ = KQ/I be representation finite and C a full convex subquiver
of Q. Let eC be the idempotent associated to the sum of the vertices in C and e
′
C
be the
idempotent associated to the sum of the vertices not in C.
(a) If Λ is strongly simply connected, then Λ/ < e′
C
> is strongly simply connected.
(b) If Λ is simply connected, then Λ/ < e′
C
> is strongly simply connected.
Proof. AssumeΛ is strongly simply connected. Theorem 3.5 saysΛ/ < e′
C
> is simply
connected. Since Λ is representation-finite, so is Λ/ < e′
C
>. This further implies
Λ/ < e′
C
> is strongly simply connected. If Λ is simply connected, then Λ is strongly
simply connected since we assumed Λ is representation-finite. The second statement
now follows. 
Let Λ be an algebra of finite type and M1,M2, · · · ,Mn be a complete set of rep-
resentatives of the isomorphism classes of indecomposable Λ-modules. Then A =
EndΛ(⊕
n
i=1
Mi) is the Auslander algebra ofΛ. It was shown in [2] that simply connected
and strongly simply connected are equivalent conditions for Auslander algebras. Thus,
the following corollary is immediate.
Corollary 3.7. Let A = KQ/I be an Auslander algebra and C a full convex subquiver
of Q. Let eC be the idempotent associated to the sum of the vertices in C and e
′
C
be the
idempotent associated to the sum of the vertices not in C.
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(a) If A is strongly simply connected, then A/ < e′
C
> is strongly simply connected.
(b) If A is simply connected, then A/ < e′
C
> is strongly simply connected.
3.3 Left Supported And Cluster-Tilted Algebras
Let Λ be an algebra. Given X, Y ∈ indΛ, we denote X { Y in case there exists a chain
of nonzero nonisomorphisms
X = X0
f1
−→ X1
f2
−→ · · ·Xt−1
ft
−→ Xt = Y
with t ≥ 0, between indecomposable modules. In this case we say X is a predecessor
of Y and Y is a successor of X. We denote by LΛ the following subcategory of indΛ:
LΛ = {Y ∈ indΛ : pdΛ X ≤ 1 for each X { Y}.
We call LΛ the left part of the module category modΛ. It is easy to see that LΛ is
closed under predecessors. The left support of Λ, Λλ, is the endomorphism algebra of
the direct sum of all indecomposable projectiveΛ-modules lying inLΛ. It is clear from
the definition that Λλ is a full convex subcategory of Λ. It was shown in [6] that Λλ is
a direct product of quasi-tilted algebras.
We say an algebra Λ is left supported provided the class addLΛ is contravariantly
finite in modΛ [6]. If Λ is left supported, it was also shown in [6] that Λλ is a direct
product of tilted algebras.
Theorem 3.8. Let Λ = KQ/I be an algebra and Λλ the left support. Let e
′ be the
direct sum of the idempotents not in Λλ.
(a) Λ/ < e′ > is a direct product of quasi-tilted algebras.
(b) If Λ is left supported, then Λ/ < e′ > is a direct product of tilted algebras.
Proof. Since Λλ is a full convex subcategory of Λ, we may apply Proposition 2.1 and
the previous discussion to obtain our result. 
Cluster-tilted algebras are the endomorphism algebras of cluster-tilting objects over
cluster categories of hereditary algebras, introduced by Buan, Marsh and Reiten in [9].
A striking property shown in [10] is that factoring out the two-sided ideal generated
by an idempotent results in another cluster-tilted algebra. Thus, we have the following
corollary.
Corollary 3.9. Let Λ = KQ/I be cluster-tilted and Λλ the left support. Let e
′ be
the direct sum of the idempotents not in Λλ. Then Λ/ < e
′ > is a direct product of
hereditary algebras.
Proof. By [10], we know Λ/ < e′ > is cluster-tilted. We also know from Theorem
3.8 (a) that Λ/ < e′ > is a direct product of quasi-tilted algebras. It is well known
that cluster-tilted algebras have global dimension equal to 1 or ∞. Since the global
dimension of any quasi-tilted algebra is less than or equal to 2, we must haveΛ/ < e′ >
is a direct product of hereditary algebras. 
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Corollary 3.9 gives us a new proof of a result due to D. Smith which says the left
support of a cluster-tilted algebra is a direct product of hereditary algebras [20].
Proposition 3.10. Let Λ = KQ/I be cluster-tilted and Λλ the left support. Then Λλ is
a direct product of hereditary algebras.
Proof. Let e′ be the direct sum of the idempotents not in Λλ. Since Λλ is a full convex
subcategory of Λ, Proposition 2.1 implies Λλ  Λ/ < e
′ >. Our result follows from
Corollary 3.9. 
Remark 3.11. Given an algebra Λ, we have the dual notion to LΛ. Denote by RΛ the
following subcategory of indΛ
RΛ = {Y ∈ indΛ : idΛ X ≤ 1 for each Y { X}.
We callRΛ the right part of the module categorymodΛ. An algebraΛ is right supported
if addRΛ is covariantly finite. This dual notion is mentioned in [6]. We leave the ap-
propriate reformulations of Theorem 3.8, Corollary 3.9, and Proposition 3.10 to the
reader.
We end this paper with another application to cluster-tilted algebras. Unlike the
class of algebras from Theorem 3.2, full subcategories of cluster-tilted algebras are not
necessarily cluster-tilted. The following example is from [1]. Consider the cluster-
tilted algebra Λ given by the following quiver
2
1 4
3
β
ǫ
γ
α
δ
with relations αβ = γδ, ǫα = 0, ǫγ = 0, δǫ = 0, and βǫ = 0. Let e = e1 + e4, then eΛe
is given by the quiver
1 4λ
ǫ
with relations ǫλ = 0, λǫ = 0. This is not a cluster-tilted algebra because its quiver
contains a 2-cycle. Instead, if we focus on convex subcategories, we obtain the desired
result.
Proposition 3.12. Let Λ = KQ/I be a cluster-tilted algebra with C a full convex
subquiver of Q. Let eC be the idempotent associated to the sum of the vertices in C.
Then eCΛeC is cluster-tilted.
Proof. Let e′
C
be the idempotent associated to the sum of the vertices not in C. By
[10], we know Λ/ < e′
C
> is cluster-tilted. Proposition 2.1 gives an isomorphism
eCΛeC  Λ/ < e
′
C
> and our result follows. 
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